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IN mGULAR PRFCESSION 
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Langley Research Center 
SUMMARY 
An analysis is presented which deals with the use of an onboard magnetometer 
for determining the motion of spinning bodies in uniform precession. 
Calculated curves for the variation of the magnetometer reading with time 
are shown for several different coning angles and orientations and also for dif- 
ferent angles between the magnetometer axis and the body axes; these curves are 
used as illustrations of magnetometer-signal traces in the analysis and discus- 
sion. In particular, it is shown how the envelopes of these curves may be anal- 
yzed to yield the body coning angle and the angle between the earth's local 
magnetic field vector and the angular-momentum vector of the body. 
INTRODUCTION 
One of the difficult problems in space technology is that of determining 
the attitude of a spinning body within reasonable angular limits. For this pur- 
pose gyros, accelerometers, horizon scanners, and recently aspect magnetometers 
have been used. With the exception of the aspect magnetometer, data techniques 
for these instruments are readily available in the literature. 
The aspect magnetometer is a device which, when placed in the earth's mag- 
netic field, produces a voltage output proportional to the component of the 
earth's magnetic field along the magnetometer's sensitive (probe) direction. 
Reference 1 provides a detailed discussion of aspect magnetometers. 
The present study derives an equation governing the time variation of this 
component for a spinning and precessing body having a magnetometer mounted at a 
known angle to the spin axis. This equation is used to calculate three distinct 
types of typical magnetometer histories which are later analyzed to obtain 
expressions for evaluating body coning angle and the angle between the local 
magnetic vector and the angular-momentum vector of the body. 

c 
(3) The body is assumed to be rigid. 
(4) The spin rate po is constant (i.e., there are no roll torques). 
The case considered will be that of a spinning body which has been given an 
impulse about an axis perpendicular to the axis of spin. The resulting motion 
(ref. 6) is a precession or coning about the angular-momentum vector H of the 
body. 
and the condition 
- 
The spin rate and precession rate are related (for small coning angles 
Ix/I < 1) by the equation (ref. 6) 
The magnetic field component measured by the magnetometer probe at any time t 
is 
Bp = B COS E(t) 
The probe is mounted at an angle 7 to the longitudinal (spin) axis of the 
body. Figure 1 shows the geometrical relationships between the precession cone, 
the direction of the magnetic vector 
a spin cycle. The angular velocity is the rate of precession of the body 
axis 5 about the angular-momentum vector E, and - "is the rate of rotation 
of the probe vector L, about the spin vector, 6 (see fig. 1). It can be shom 
that 
E, and the cone swept out by the probe in 
dt 
dt 
$ = ($0 + ..pt) ( 3 )  
The angle E(t) of equation (2) ,  which determines the instantaneous readinl 
of the-magnetometer, depends on the time-dependent precession and nutation angle: 
$ and @, the fixed angle y ,  and the two angles v and e, which are essen- 
tially constant during the part of the flight being analyzed. 
relating ~(t) to these five angles may be derived as follows: 
The equation 
- 
Consider the arcs 7, 8, and v on a unit sphere as in figure lwith H 
along the Z-axis and the arc e in the Y-Z plane. The x,y,z coordinates of 
the point k are (sin v sin $, sin v cos $, cos v). Now rotate the arc seg- 
ment k2mn through an angle 8 abou; the X-axis so that the point m now lies 
on the Z-axis. Thus, a unit vector k, lying along the line Ok has components 
(sin v sin $, 
cos v cos e ) .  Similarly, a unit vector n lying along the line On has com- 
ponents (sin y sin $, -sin y cos er, cos y ) .  Then cos E is given by the 
scalar product of these two unit vectors, or 
sin v cos $ cos e + cos v sin e, -sin v cos $ sin e + - 
4 
cos E(t) = sin v sin $ sin 7 sin $ - sin v cos Q cos e sin 7 cos $ 
- cos v sin EI sin 7 cos fl - sin v cos $ sin EI cos 7 
+ cos v cos e cos 7 ( 5 )  
The (a) parts of figures 2 to 6 are plots of cos E(t) or %/B as given 
in equations (2) and (5). The spin rate po and precession rate % were 
assumed to be 24 radianslsec and 4 radians/sec, respectively, and corresponded 
to an inertial ratio Ix/I of 1/6 as can be seen from equation (1). Equa- 
tions (3) and (4) were substituted into equation (5) and equation (5) was then 
solved to generate time histories of 
essing machine. The time of 3 seconds was chosen in order to include two com- 
plete precession cycles. 
plotting machine which accounts for the data points on the calculated curves. 
Bp/B 
on a high-speed electronic data proc- 
The points on the curves were plotted by an automatic 
The schematic (part (b)) of figures 2 to 6 gives an idea of the progress of 
the probe in spinning and precessing in space and gives essentially the path in 
space traced out by the probe. These curves were plotted from the equations 
A1 = v + 9 COS $ + 7 COS($ + $) 
(6) 
A2 = 0 sin $ + 7 sin($ + $) 
These equations were derived by assuming the line 2k in flgure 1 is fixed. 
The line 2m is then rotating about the line 02 at the rate $ and the 
line mn is rotating about the line Om at the rate $. Equations (6) then 
represent this motion projected onto a plane perpendicular to B where A1 is 
parallel to the line 2k and A2 is perpendicular to 2k. Thus a plot of A1 
against A2 gives a qualitative picture of the motion. The fact that the 
schematics do not represent the exact magnitude of the motion is of little conse- 
quence since they are intended only to help to gain an insight into the motion. 
On a magnetometer trace (for the usual conditions of small inertia ratio 
and small coning angle) the short-period oscillations correspond approximately 
to the spin frequency po 
precession frequency 9. 
by averaging the time between successive short-term peaks. The precession rate 
can be found by averaging the time between the long-term peaks or from 
equation (1). 
while the long-period oscillations correspond to the 
The spin rate can be found from the magnetometer trace 
In order to analyze the magnetometer trace a curve is drawn which repre- 
sents the envelope of the motion. There are some easily recognizable points on 
this gnvelope which correspond to the various cases when the vectors 8, H, p, 
and L all lie in the same plane. 
- 
On figure 2(a) the point -A on the envelope corresponds t o  the condition 
in which the magnetic vector B, the-’angular-momentum vector H, the spin axis, 
and the probe axis lie in the same plane in such a manner that 
5 
I 
E(t) = v + e + 7 ( 7 )  
The point A will be used as a reference point in calculating $ and #. 
The point directly opposite A on the envelope corresponds to a rotation 
of the body through 180~. This point will be labeled C; its ordinate is equal 
to COS(V + e - 7). 
At the point on the envelope one-half of a precession cycle from 
ordinate is cos(v - 8 + 7). This point is labeled F. The point directly 
opposite 
labeled E. Its ordinate is cos(v - 0 - 7). 
A, the 
F will again represent a 1800 movement of the probe and will be 
In summary (to simplify the nomenclature, A w i l l  be used to denote the 
ordinate of the point A, etc.): 
A = COS(V + e + 7); # = #o = 0; $ = q0 = o ( 8 )  
c = COS(V + e - 7); @ = ,t; $ = O  ( 9 )  
F = COS(V - e + 7); # = r ~ ;  
E = COS(\/ - 0 - 7); # = 0; 
$ = , t  
$ = r C  
(10) 
(11) 
It is obvious from the envelope that # and $ do not, in general, attain 
these values simultaneously but there will be no error if the envelope is faired 
correctly. The accuracy of the fairing will be better if po >>% because 
there will be more points per cycle to aid in the fairing process. 
Since for any angle j3, cos j3 = cos(-j3), equations (8) to (11) may be 
rewritten as 
COS-I-F = - e + 71 (14) 
cos-1~ = - e - 71 (15) 
It is obvious from the form of equations (12) to (15) that ambiguities can 
For this purpose, 
arise in the determination of v and 8. These ambiguities can generally be 
resolved if the characteristics of the trajectory are known. 
three cases are recognized. These three cases and the analysis for each follows: 
Case I. v > 8 + 7 
In this case equations (12) to (15) become 
COS-l~ = v + e + 7 
6 
and 
cos-lA + cos-lE 
2 
v =  
cos-'C + COS-IF v =  
2 '  
In  order t o  insure greater  accuracy care should be taken t o  avoid the por- 
t ions of the curve where cos E ( t )  = 1. For instance, f o r  f igure 4 equa- 
t ions (20) and (21b) should be used. 
Case 11. v < 0 + y where y > 9 
The equations become 
cos-lc = +(v + e - y )  (23) 
COS-IE = -(v - 9 - 7) (25) 
and 
COS-IA - cos-lF 
2 
e =  
(27) 
v = -  cos-'A - cos'lE 
2 
Equation (23) may be used together with equations (22) and (27) t o  deter- 
mine 
determine the correct sign t o  be used i n  equation (23 ) .  
9 t o  a greater  degree of accuracy as long as equation (26) i s  used t o  
7 
and 
o r  
Case 111. v < 8 + y where 8 > y 
Equations (12) t o  (15) become 
C O S - ~ A  = v + e + 7 
cos’lA - cos-lE 
2 
v =  
- v  C O S - ~ A  + cos-’C 
2 
e =  
cos-lA + cosm1E 
2 
e =  - Y  
In  each one of the  cases the  additional equations can be used as a cross- 
check of the solution and t o  insure greater accuracy. 
The choice of which case w i l l  apply w i l l  depend on the  t ra jectory.  For 
instance, i n  the  case of a due eas t  launch, v turns  out t o  be approximately 
90’ and f o r  y = t an - lE ,  equations (16) t o  (19) would apply f o r  s m a l l  values 
of e. 
Special Case 
Further simplification of cases I and I11 can be obtained by l e t t i n g  
y = 0 (probe mounted pa ra l l e l  t o  the  spin axis of the  body). 
With y = 0 and B = 1 equations (2) and ( 5 )  become 
Bp = cos v cos 8 - s i n  v s i n  0 cos $ (34) 
Here Bp i s  a function of only v, 0,  and q. A typ ica l  curve for y = 0 
i s  shown i n  f igure 6. 
occur when $ = 0 and when $ = a. The equations become 
There are two points of i n t e re s t  on t h i s  curve. These 
Bp , l  = COS v cos 8 + s in  v sin 8 $ = a  ( 3 5 )  
8 
and 
Bp,2 = cos v cos 9 - sin v sin 9 $ = O  ( 3 6 )  
These can be reduced to 
Bp,l = COS(V - 9) 
Bp,2 = cos(v + e )  
re spec tively. 
Equations ( 3 7 )  and (38) may be solved simultaneously to yield for v > 9 
(37)  
( 3 8 )  
B P J  + (40) -1 v = cos 
and for v < 9 
From the viewpoint of the present analysis the probe should be placed at 
7 = 0 only in the case where the value of B 
of accuracy. In this case, which occurs frequently, putting 7 = 0 offers a 
distinct advantage over placing the probe at any other angle. 
curve is greatly simplified and therefore requires less interpretation. However, 
in this case, the spin rate cannot be determined directly from the magnetometer 
trace but must be either found by some other method, or inferred from 
equation (1). 
is known tb a reasonable degree 
The resulting 
LIMITATIONS OF THE METHOD 
There are some possible sources of error associated with this method which 
could limit its range of application. The chief sources of error are: 
(a) Fairing error. The method should be applied only when po >>-. For 
instance, would give five fairing points for each precession cycle and 
would seem to be a minimum condition for application of the method. This limita- 
tion is not too severe since many vehicles now being flown are within this 
condition. 
po = 4cLlp 
9 
- 
(b) Error in magnitude of B. Because an arc cosine is inherently inaccu- 
rate for small angles, an error due to uncertainty in the magnitude of the field 
can be magnified; therefore, values of E(%) near zero should be avoided. 
(c) Instrument error.  It is reported in reference 7 that the magnetometer- 
instrument error should be less than +lo. 
The effects of these errors on the uncertainty in the values of 8 and v 
can be evaluated in the same manner f o r  each of three types of errors. The cal- 
culation of the effect of instrument error w i l l  be presented here as a sample. 
The instrument error of +lo will be considered to be a three standard devia- 
tion in E (i.e.? 34€ = &lo). The effect of this error can be evaluated from 
equations (16) to (33b). For case I, a change in 8 of AB due to changes AA 
and AF can be calculated from equation (20) to be 
The value of AA and AF can be found from equations (8) and (lo), respec- 
tively, to be, 
AA = - i r 7 & A  (44) 
AF = -fl - F2 kF (45) 
Substitution for AA and A!? yields 
This equation would yield the change in 8 due to a known change in E(t) at 
the points A and F. In practice, however, only the standard deviation of E 
will be known. Therefore (ref. 8) 
and from equation (46) 
10 
L 
i 
hence 
o r  
d€ de = - 
E 
If t h i s  procedure i s  used t o  f ind  be and uy f o r  cases I, 11, and 111, 
the  r e su l t s  are, 
For case I: 
0, u, = - 
fi 
For case 11: 
For case 111: 
from equation (20) 
from equations (21a) or (21b) 
from equation (26) 
from equation (27) 
from equation (32) 
from equation (33a) 
from equation (33b) 
10 with the assumption 3uE = *lo, o r  6, = +- it can eas i ly  be seen t h a t  
-3 ’ 
ue = fO. 235’ or f0.470 
u,, = k0.235O 
11 
CONCLUDING REMARKS 
The use of an onboard magnetometer has been considered for determining the 
motion of spinning bodies in uniform precession. Typical types of magnetometer 
output histories are presented for magnetometers mounted at a known angle to the 
spin axis. These curves were analyzed and a general method'was developed for 
determining both the body coning angle and the angle between the local magnetic 
vector and the body angular momentum vector. 
In the case where By the magnitude of the local magnetic vector, is known, 
the body coning angle 9 and the angle between the earth's local magnetic vec- 
tor and the angular-momentum vector of the body 
envelope of the magnetometer signal. 
v can be determined from the 
A greatly simplified curve can be obtained if the angle between the mag- 
netometer probe direction and the longitudinal axis of the body is zero. This 
case can also be analyzed to gzve v and 9. 
For an accurate analysis, magnetometer readings very close to *B (cor- 
responding to an angle between the magnetometer probe axis and the local mag- 
netic field near Oo or 180~) should be avoided, since these angles cannot be 
accurately determined from their cosines. 
Langley Research Center, 
National Aeronautics and Space Administration, 
Langley Station, Hampton, Va., February 7, 1964. 
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Figwe 1.- Angles used in analysis projected onto a unit sphere. 
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Figure 2.- Magnetometer signal and schematic of approximate probe motion for v = goo, e = loo, 
and y = 54.8O. 
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Figure 3.- hhgnetometer signal and schematic of approximate probe motion for v = 450J 0 = 150J 
and y = 200. 
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Figure 4.- Magnetometer sisal. and schematic of approximate probe motion for v = 45O, 0 = loo, 
and y = 30°. 
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Figure 5.- Magnetometer signal and schematic of approximate probe motion for v = 45O, 8 = 20°, 
and 7 = 54.8'. 
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Figure 6.- Magnetometer signal and schematic of approximate probe motion for v = 45O, 8 = 20°, 
and y = 00. 
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